We study the effects of noncommutativity and deformed Heisenberg algebra on the evolution of a two dimensional minisuperspace cosmological model in classical and quantum regimes. The phase space variables turn out to correspond to the scale factor of a flat FRW model with a positive cosmological constant and a dilatonic field with which the action of the model is augmented. The exact classical and quantum solutions in commutative and noncommutative cases are presented. We also obtain some approximate analytical solutions for the corresponding classical and quantum cosmology in the presence of the deformed Heisenberg relations between the phase space variables, in the limit where the minisuperspace variables are small. These results are compared with the standard commutative and noncommutative cases and similarities and differences of these solutions are discussed.
Introduction
As is well known, standard cosmological models based on classical general relativity have no convincingly precise answer to the question of the initial conditions from which the universe has evolved. This can be traced to the fact that these models suffer from the presence of an initial singularity, the so-called Big Bang singularity. Indeed, there are various forms of singularity theorems in general relativity [1] , which show that quite reasonable assumptions lead to at least one consequence which is physically unacceptable. Any hope of dealing with such singularities would be in the development of a concomitant and conducive quantum theory of gravity [2] . On the other hand, one of the most important features of theories which deal with quantum gravity is the existence of a minimal length below which no other length can be observed [3] . From perturbative string theory point of view, such a minimal length, of the order of Planck scale, is due to the fact that strings cannot probe distances smaller than the string size. Also, the existence of this minimal length has been suggested in loop quantum gravity [4] , quantum geometry [5] and black hole physics [6] . Indeed, at the scale of such a minimum size i.e. the scales of the order of the Planck length, l p = Gh c 3 , the quantum effects of gravitation become as important as the electroweak and strong interactions. Clearly, at low energy, these quantum gravity effects are not too important, but in high energy physics, that is, energies of the order of Planck mass m p =h/l p such as the very early universe or in the strong gravitational fields of a black hole, one cannot neglect these effects.
One of the most important features of the existence of a minimal length is that such a length is related to what is known as the Generalized Uncertainty Principle (GUP); the usual Heisenberg uncertainty principle should be reformulated at the Planck scale [7, 8] . In a one dimensional system, the simplest form of the GUP which shows the appearance of a minimum position uncertainty can be written as [7] △p △ x ≥h 2 1 + β(△p) 2 + γ ,
where β and γ are positive and independent of △x and △p, but may in general depend on the expectation values x and p . If we take γ = β p 2 , it is possible to realize equation (1) 
In [7] - [9] , more general GUPs are considered. In more than one dimension GUP naturally implies a noncommutative geometric generalization of position space [7] . Noncommutativity between spacetime coordinates was first introduced by Snyder [10] which has lead to a great deal of interest in this area of research in the recent past [11] . It is generally an accepted practice to introduce GUP or noncommutativity either through the coordinates or fields which may be called geometrical or phase space deformation respectively [12] - [17] . Applying GUP or noncommutativity to ordinary quantum field theories where the geometry is considered to obey such deformations are interesting since they could provide an effective theory bridging the gap between ordinary quantum field theory and string theory, currently considered as the most important choice for quantization of gravity. A different approach to GUP and noncommutativity is through its introduction in the phase space constructed by minisuperspace fields and their conjugate momenta [13] - [17] . Since cosmology provides the ground for testing physics at energies which are much higher than those on Earth, it seems natural to expect the effects of quantum gravity be observed in this context. Alternatively, in cosmological systems, since the scale factor, matter fields and their conjugate momenta play the role of dynamical variables of the system, introducing GUP and noncommutativity in the corresponding phase space is particularly relevant.
In general, as we mentioned above, GUP and noncommutativity in their original form (see [7] ) imply a noncommutative underlying geometry for space-time. However, formulation of gravity in a non-commutative space-time is highly nonlinear, rendering the setting up of cosmological models difficult. Here, our aim is to study the aspects relating to the application of GUP and noncommutativity in the framework of quantum cosmology, i.e. in the context of a minisuperspace reduction of dynamics. As is well-known in the minisuperspace approach to quantum cosmology which is based on the canonical quantization procedure, one first freezes a large number of degrees of freedom by the imposition of symmetries on the spatial metric and then quantizes the remaining ones. Therefore, in the absence of a full theory of quantum gravity, quantum cosmology is a quantum mechanical toy model (finite degrees of freedom) providing a simple arena for testing ideas and constructions which can be introduced in quantum general relativity. In this respect, the GUP approach to quantum cosmology appears to be based on physical grounds. In fact, a generalized uncertainty principle can be immediately reproduced by deforming the canonical Heisenberg algebra. In other words, the GUP scheme relies on a modification of the canonical quantization prescriptions and, in this respect, can be reliably applied to any dynamical system. In this sense, one can introduce noncommutativity between different dynamical variables of the corresponding minisuperspace and, of course, get different results. Here, we rely on and use the most common and accepted practices which have been appearing in the literature over the past years. It is to be noted that our presentation does not claim to clear the role of GUP and noncommutativity in cosmology in a fundamental way since we study the problem in a simple model. However, this may reflect realistic scenarios in similar investigations which deal with such problems in a more fundamental way.
We begin with a flat FRW metric, a positive cosmological constant and a homogeneous scalar dilatonic field. We then write the action in the string frame which leads us to a point like Lagrangian for the model. We see that the corresponding minisuperspace constructed by the scale factor a and dilaton field φ is curvilinear. Setting up a deformed phase space formalism in such a minisuperspace is not an easy task. Therefore, we introduce a change of variables (a, φ) → (u, v) which reduces the minisuperspace to a linear (Minkowskian) one. These variables are thus suitable candidates for introducing noncommutativity and GUP in the phase space of the problem at hand and enable us to present exact solutions for the classical and quantum commutative and noncommutative cosmology studied here. Also in the case when the minisuperspace variables obey the GUP commutation relations, we obtain approximate analytical solutions for the corresponding classical and quantum cosmology. Finally, we compare and contrast these solutions at both classical and quantum levels.
The preliminary setup
In the pre-big bang scenario, based on the string effective action [18] , the birth of the universe is described by a transition from the string perturbative vacuum with weak coupling, low curvature and cold state to the standard radiation dominated regime, passing through a high curvature and strong coupling phase. This transition is made by the kinetic energy term of the dilaton, an scalar field φ to which the Einstein-Hilbert action of general relativity is coupled, see [19] for a more modern review and [20] for some exact solutions of string dilaton cosmology. According to this model the lowest order gravi-dilaton effective action, in the string frame, can be written as [21] 
where φ(t) is the dilaton field, λ s is the fundamental string length l s parameter and Λ is a (positive) cosmological constant. We consider a spatially flat FRW spacetime which is specified by the metric
where a(t) is the scale factor. The Ricci scalar corresponding to metric (4) is
where a dot represents differentiation with respect to t. By substituting (5) into (3) and integrating over spatial dimensions, we are led to an effective Lagrangian in the minisuperspace Q A = (a, φ)
The momenta conjugate to the dynamical variables are given by
leading to the following Hamiltonian
Now, it is easy to see that the corresponding minisuperspace has the following minisuper metric
To apply the deformed commutators to the dynamical variables in a minisuperspace which is represented by a curved manifold with a minisuper metric given by (9) , in a natural generalization, one can replace p 2 in (2) with G AB P A P B . In general, this generalization does not provide a suitable expression because of the ambiguity in the ordering of factors Q and P Q . Therefore, the above minisuperspace does not have the desired form for introducing noncommutativity and GUP among its coordinates.
To avoid the physical difficulties and simplify the model, consider the following change of variables
where α and β are two constants which satisfy the relations
In terms of these new variables, Lagrangian (6) takes the form
with the corresponding Hamiltonian becoming
which describes an isotropic oscillator-ghost-oscillator system with frequency ω 2 = Λ 2 . Thus, in the minisuperspace constructed by q A = (u, v), the metric is Minkowskian and represented bȳ
Now, we have a set of variables (u, v) endowing the minisuperspace with a Minkowskian metric and hence this set of dynamical variables are suitable candidates for introducing noncommutativity and GUP in the phase space of the problem at hand. The final remark about the above analysis is that Lagrangian (6) possesses an interesting symmetry thanks to the presence of the stringy dilaton. This symmetry exhibits itself through the transformation [21] a(t) → 1/a(t), φ(t) → φ(t) − 6 ln a(t).
It is easy to show that Lagrangian (6) is invariant under this transformation. Such symmetry (duality) is one of the major features of the solutions of equations of motion in string dilaton cosmology [20] , so that if the set of variables (a, φ) solve the equations of motion, the set (1/a, φ − 6 ln a) is also a solution. On the other hand, in terms of the variables (u, v) the Lagrangian takes the simple form (11) yielding linear differential equations for the corresponding dynamical equations. Therefore, the duality symmetry is nothing but a suitable linear combination of u and v. Indeed, one can easily show that Lagrangian (11) and also Hamiltonian (12) are invariant under the following transformations 1
The preliminary setup for describing the model is now complete. In what follows we will study the classical and quantum cosmology of the minisuperspace model described by Hamiltonian (12) in noncommutative and GUP frameworks.
As mentioned above, the dynamical system described by Hamiltonian (12) is a simple isotropic oscillator-ghost-oscillator system and its classical and quantum solutions can be easily obtained. Since our aim here is to study the effects of deformed Poisson brackets on the classical trajectories, in what follows we consider commutative, noncommutative, and GUP classical cosmologies and compare the results with each other. In the next section we shall deal with the quantum cosmology of the model.
Classical cosmology with ordinary Poisson brackets
As is well known for a dynamical system with phase space variables (q i , p i ), the Poisson algebra is described by the following Poisson brackets
where in our case
Integrating the above equations, one is led to
where for the initial conditions we take
The above solutions must satisfy the Hamiltonian constraint, H = 0. Thus, substitution of equations (20) and (21) into (12) gives the following relation between integration constants
From the above equations, we see that the classical trajectories obey the relation
. (24) Note that the minisuperspace of the above model is a two-dimensional manifold which in terms of the old variables a and φ is represented by 0 < a < ∞, −∞ < φ < +∞. Following [22] , we may divide its boundary into two, the nonsingular and singular. The nonsingular boundary is the line a = 0 with |φ| < +∞, while at the singular boundary, at least one of the two variables is infinite. In terms of the variables u and v, introduced in (10), the minisuperspace is recovered by u > 0, −u < v < u, and the nonsingular boundary may be represented by u = v = 0. This discussion leads us to the imposition of more restrictions on the initial conditions (22) such that the classical trajectories would no longer meet the nonsingular boundary. This condition is achieved when the coefficient of the second term in (24) is nonzero. Now, let us go back to the old variables a and φ, in terms of which we obtain the corresponding classical cosmology as
leading to the following sets of classical solutions
and
where a 0 , t 0 and φ 0 are some constants which can be written in terms of u 0 ,u 0 , v 0 andv 0 . These two sets of solutions are related to the duality symmetry (14), indeed we have
As we mentioned in the previous section, in the minisuperspace (u, v) the duality symmetry is denoted by the linear combination (15) of u and v. Therefore, applying the duality transformation (15) we are led to the following set of solutions
It is clear that these solutions are essentially a special linear combination of (20) and (21) which obviously solve the classical equations of motion because of their linearity.
Classical cosmology with noncommutative phase space variables
Let us now proceed to study the behavior of the above model in a deformed phase space framework such that the minisuperspace variables do not (Poisson) commute with each other. In general, noncommutativity between phase space variables can be understood by replacing the usual product with the star-product, also known as the Moyal product law between two arbitrary functions of position and momentum as
where α ab denote the noncommutative parameters [23] . Here, we consider a noncommutative phase space in which the Poisson algebra is a deformed one given by
where ǫ ij and δ ij are Levi-Civita and Kronecker symbols respectively, q inc (i = 1, 2) = u nc , v nc and p inc (i = 1, 2) = p unc , p vnc . With the deformed phase space defined above, one may consider the Hamiltonian of the noncommutative model as having the same functional form as (12), but with the dynamical variables satisfying the above-deformed Poisson brackets, that is
Thus, the dynamics of the system can be described by the following equations of motioṅ
Eliminating the momenta from the above equations, we geẗ
We see that the noncommutative parameter appears as a coupling constant between equations of motion for u nc and v nc . Integrating equations (37) and (38) yields
where A, B, δ 1 and δ 2 are integrating constants. The requirement that the noncommutative Hamiltonian constraints should hold during the evolution of the system, that is, H nc = 0, leads to the following relation between integrating constants
This means that in the noncommutative minisuperspace the system follows one of the trajectories
In the case when A = 0, the two coordinates behave similar to two coupled springs, oscillating back and forth together like →→ and ←← with frequency ω √ 1 − θ 2 ω 2 and an exponentially damping amplitude. Alternatively, if we take B = 0, the two variables oscillate in opposite directions like ←→ and →← with the same frequency ω √ 1 − θ 2 ω 2 but with an exponentially increasing amplitude.
Before going any further some remarks are in order. An important ingredient in any model theory related to the quantization of a cosmological setting is the choice of the quantization procedure used to quantized the system. The most widely used method has traditionally been the canonical quantization method based on the Wheeler-DeWitt (WD) equation which is nothing but the application of the Hamiltonian constraint to the wavefunction of the universe. A particularly interesting but rarely used approach to study the quantum effects is to introduce a deformation in the phase space of the system. It is believed that such a deformation of phase space is an equivalent path to quantization, in par with other methods, namely canonical and path integral quantization [24] . This method is based on Wigner quasi-distribution function and Weyl correspondence between quantum mechanical operators in Hilbert space and ordinary c-number functions in phase space. The deformation in the usual phase space structure is introduced by Moyal brackets which are based on the Moyal product (32) [23] . However, to introduce such deformations it is more convenient to work with Poisson brackets rather than Moyal brackets.
From a cosmological point of view, models are built in a minisuperspace. It is therefore safe to say that studying such a space in the presence of deformations mentioned above can be interpreted as studying the quantum effects on cosmological solutions. One should note that in gravity the effects of quantization are woven into the existence of a fundamental length [3] . The question then arises as to what form of deformations in phase space is appropriate for studying quantum effects in a cosmological model? Studies in noncommutative geometry [11] and GUP [7] have been a source of inspiration for those who have been seeking an answer to the above question. More precisely, introduction of modifications in the structure of geometry in the way of noncommutativity has become the basis from which similar modifications in phase space have been inspired. In this approach, the fields and their conjugate momenta play the role of coordinate basis in noncommutative geometry [25] . In doing so an effective model is constructed whose validity will depend on its power of prediction.
A question worth asking at this stage is: would the noncommutative scheme presented above really offer a quantum picture of the model at hand and should we refrain from using any other quantization method simultaneously? It is important to note that equivalence between the two different approaches of quantization cannot hold true in models where deformation in phase space is introduced in a Lorentz non-invariant manner, like what we have done here. This is not hard to understand since the WD equation is a direct consequence of diffeomorphism invariance and so if a deformation in phase space breaks such an invariance then the results of different quantization methods should be different. For models where the Lorentz invariance deformation is studied see [26] . Therefore, in the next section when we quantize our model we also invoke noncommutative quantum cosmology based on the star-product WD equation.
Classical cosmology with GUP
In more than one dimension a natural generalization of equation (2) is defined by the following commutation relations [7] [
where p 2 = p i p i and β, β ′ > 0 are considered as small quantities of first order. Also, assuming that
the commutation relations for the coordinates are obtained as
As it is clear from the above expression, the coordinates do not commute. This means that to construct the Hilbert space representations one cannot work in the position space. It is therefore more convenient to work in momentum space. However, since in quantum cosmology the wavefunction of the universe in momentum space has no suitable interpretation, we restrict ourselves to the special case β ′ = 2β. As one can see immediately from equation (44), the coordinates commute to first order in β and thus a coordinate representation can be defined. Now, it is easy to show that the following representation of the momentum operator in position space satisfies relations (42) and (43) (with β ′ = 2β) to first order in β
Equations (42)- (45) may now be realized from the following commutation relations between position and momentum operators
Before quantizing the model within the GUP framework in the next section, we investigate the effects of the classical version of GUP, i.e. the classical version of commutation relations (46)-(48) on the above cosmology. As is well known, in the classical limit the quantum mechanical commutators should be replaced by the classical Poisson brackets as [P, Q] → ih {P, Q}. Thus, in classical phase space the GUP changes the Poisson algebra (17) according to {u,
where
. Such deformed Poisson algebra is used in [27] to investigate the effects of deformations on the classical orbits of particles in a central force field and on the Kepler third law. Also, the stability of planetary circular orbits in the framework of such deformed Poisson brackets is considered in [28] . Note that here we deal with modifications of a classical cosmology that become important only at the Planck scale where the classical description is no longer appropriate and a quantum model is required. However, before quantizing the model we shall provide a deformed classical cosmology. In this classical description of the universe in transition from commutation relation (2) to its Poisson bracket counterpart we keep the parameter β fixed ash → 0. In string theory this means that the string momentum scale is fixed when its length scale approaches zero. Therefore, the equations of motion reaḋ
We see that the deformed classical cosmology forms a system of nonlinear coupled differential equations which unfortunately cannot be solved analytically. In figure 1 , employing numerical methods, we have shown the approximate behavior of u(t) and v(t) for typical values of the parameters and initial conditions. As it is clear from the figure, both variables u and v repeat their back and forth oscillatory behavior as the noncommutative case, but here the oscillations are not harmonic. Like the noncommutative case, depending on the initial conditions, the minisuperspace variables behave as →→ and ←←, (see the right figure) or ←→ and →← (see the left figure) i.e. they move back and forth either in the same or in opposite directions. A comment on the above results is that although in the limit β → 0 one can recover the ordinary classical cosmology described by equations (18) and (19) , as this figure shows, taking a nonzero value for β may disturb the oscillatory nature of the universe. Also, in the presence of β terms, the period of oscillations becomes larger and thus the Big-Crunch in the corresponding cosmological model occurs later in comparison with the usual models where β = 0. This means that the effects of GUP are important not only in the early but also at late times in the cosmic evolution. In fact, within the GUP framework, the quantum gravitational effects may be detected at large scales as well.
The quantum model
We now focus attention on the study of the quantum cosmology of the model described above. Here, as in classical cosmology, for comparison purposes between ordinary commutative, noncommutative, and GUP frameworks, we consider the quantum cosmology of the model separately in each case and compare the results. Our starting point is to construct the WD equation from the corresponding Hamiltonian.
Quantum cosmology with ordinary commutation relations
The quantum version of the model described by relations (17) can be achieved via the canonical quantization procedure which leads to the WD equation, HΨ = 0. Here, H is the operator form of the Hamiltonian (12) which annihilates the wavefunction Ψ. By replacing p q → −i ∂ ∂q in (12) we get the WD equation as
This equation is a quantum isotropic oscillator-ghost-oscillator system with zero energy. Therefore, its solutions belong to a subspace of the Hilbert space spanned by separable eigenfunctions of a two dimensional isotropic simple harmonic oscillator Hamiltonian. Separating the eigenfunctions of (54) in the form
yields
subject to the restriction n 1 = n 2 = n. In (56) and (57), H n (x) are Hermite polynomials and the eigenfunctions are normalized according to
Now, we impose the boundary condition on these solutions such that at the nonsingular boundary (at u = v = 0) the wavefunction vanishes [29] , that is, Ψ(u = 0, v = 0) = 0, which yields
In general, one of the most important features in quantum cosmology is the recovery of classical cosmology from the corresponding quantum model, or in other words, how can the WD wavefunctions predict a classical universe. In this approach, one usually constructs a coherent wavepacket with good asymptotic behavior in the minisuperspace, peaking in the vicinity of the classical trajectory. Therefore, we may now write the general solution of the WD equation as a superposition of the above eigenfunctions Figure 2 shows the square of the wavefunction and its contour plot. As we can see from this figure the peaks follow a path which can be interpreted as the classical trajectories (24) . The crests are symmetrically distributed around v = 0 which correspond to the ± signs in (24) . Thus, it is seen that there is an almost good correlations between the quantum patterns and classical trajectories in the u − v plane. (60) with all cn up to c15 taken to be unity.
Noncommutative quantum model
Now, the quantum version of the noncommutative cosmology is achieved by replacing the Poisson brackets with the corresponding Dirac commutators, {, } → −i [, ] . Thus, the Poisson brackets (33) between minisuperspace variables should be modified as follows
The corresponding quantum cosmology can be obtained by modification of the operator product in the WD equation HΨ = 0 with the Moyal deformed product H nc * Ψ = 0, where H nc is the noncommutative Hamiltonian (34). However, there is an alternative expression for the Moyal star product which is given by the shift formula
It can easily be checked that if the noncommutative variables obey relations (61), then (u, v, p u , p v ) satisfy the usual Heisenberg algebra
In terms of these commutative variables the Moyal WD equation H nc * Ψ = 0 transforms to the usual WD equation HΨ = 0 with Hamiltonian
Therefore, the noncommutative version of the WD equation can be written as
The Hamiltonian operator consists of two parts
It is easy to see that these two operators commute with each other
which means that H uv and L uv have simultaneous eigenfunctions 2 . In the coordinate system (u, v) the WD equation (66) is not separable. Thus, to transform it to a separable equation, consider the new variables (ρ, ϕ) defined as
in terms of which we have
Therefore, if we separate the solution of the WD equation according to Ψ(ρ, ϕ) = R(ρ)e iνϕ , it is easy to see that this is an eigenfunction of L uv with eigenvalue ν. The requirement that Ψ(ρ, ϕ) should solve the WD equation yields the following differential equation for R(ρ)
This equation, after a change of variable r = 2Ωρ 2 and transformation R = 1 ρ W, becomes
where κ = 
In view of the asymptotic behavior of M (a, b; x) ∼ e x /x b−a [30] , we take c ′ = 0. Thus, going back, the eigenfunctions of the WD equation can be written in terms of variables (ρ, ϕ) as
2 Like the theory of ordinary harmonic oscillator, we can also define the creation and annihilation operatorŝ
and similarly forâv andâ † v , satisfying the following commutation relations
with other commutators being zero. In terms of these operators Huv and Luv can be viewed as
Use of the same commutators as above betweenâ andâ † makes it easy to see that [Huv, Luv] = 0. If we demand that Ψ ν should be a single-valued function of ϕ, then ν should be an integer ν = n. Now, we may write the noncommutative wavefunction in the (ρ, ϕ) coordinates as
Note that in terms of variables (ρ, ϕ), the boundary condition Ψ(u = 0, v = 0) = 0 takes the form Ψ(ρ = 0, ϕ) = 0 which for (78) is automatically held.
In figure 3 we have plotted the wavefunction (78) in the noncommutative quantum model. In the case where θ = 0 (commutative model), although we have analyzed the behavior of the wavefunction in the previous subsection, we have also considered it again in the (ρ, ϕ) coordinates. As we can see from this figure, the commutative wavefunction has two dominant peaks in the vicinity of ρ = 0 which then follow a path that can be interpreted as the classical trajectory (compare with the similar behavior in figure 2) . Therefore, like the commutative wavefunction in the (u, v) coordinates, there is also a correlation between the classical and quantum schemes. On the other hand, the noncommutative wavefunction predicts the emergence of the universe from a state corresponding to one of the two dominant peaks. Although there are some small peaks in this figure, as ρ grows, their amplitude are suppressed. We see that the correlation with classical trajectories is missed, i.e. the noncommutativity implies that the universe escapes the classical trajectories and approaches a stationary state.
Quantum model with GUP
The study of quantum cosmology of the model presented above in the GUP framework is the goal we shall pursue in this subsection. The Hamiltonian of the model is given by (12) and the corresponding commutation relations between dynamical variables by equations (46)- (48). In the WD equation we take the representation (45) for the momenta p u and p v which leads to the following equation up to first order in β 2 3
We again separate the solutions in the form Ψ(u, v) = U (u)V (v), leading to
where W i (i = 1, 2) = U, V , w i (i = 1, 2) = u, v and λ is the separation constant. The appearance of a fourth order differential equation to describe a physical phenomena is interesting, since it requires investigation of the corresponding boundary conditions which is not the goal of our study in this paper. These equations cannot be solved analytically, but since β is a small parameter which appears only in the fourth order term, we may look for an approximation method which, within its domain of validity, leads us to a second order differential equation. From figure 2 , we note that the dominant peaks of the wavefunction occur in the vicinity of u, v ∼ 0. On the other hand, the effects of β are important at the Planck scales, or in cosmology language in the very early times of the cosmic evolution, which in our model means u, v ∼ 0. When β = 0, the solutions of equation (80) for λ/2ω = 2n + 1 are given by (56) and (57). In the limit u, v → 0 we may take e −ω(u 2 +v 2 ) ∼ 1 which means that W i ∝ H n ( √ 2ωw i ). Therefore, in this limit, we have
where we have used the relation dH n (x)/dx = 2nH n−1 (x). Now, using the following series formula for Hermite polynomials
we are led to the approximate formula H n−4 (x) ∝ H n (x) in the case of a small argument and n ≥ 4. Thus, in our approximation, equation (80) becomes
where β 0 , up to a numerical factor, is
The solutions of the above equation up to a normalization factor can be written as Finally, the general solutions of the WD equation (79) for small values of u and v are as follows
where to recover solution (60) in the limit β 0 → 0, the summation is taken over the odd values of n. Also, to satisfy the boundary condition Ψ(u = 0, v = 0) = 0, we choose β 0 such that n − β 0 is an odd integer for n > 4. Figure 4 shows the wavefunction of the corresponding universe when the minisuperspace variables obey the GUP relations for small values of u and v. As is clear from this figure the wavefunction has two single peaks which are symmetrically distributed around v = 0. Compare to the commutative wavefunction (see figure 2) , here we have no wave packet with peaks following the classical trajectories. We see that instead of a series of peaks in the ordinary WD approach, we have only a couple of dominant peaks. This means that, similar to the noncommutative case and within the context of the GUP framework, the wavefunction also shows a stationary behavior. One may then conclude that from the point of view adopted here, noncommutativity and GUP may have close relations with each other.
We should note that the above analysis on the behavior of the GUP wavefunction is achieved in the region u, v ∼ 0. If we relax this approximation, equation (81) is no longer valid and in the perturbation method we should use solutions (56) and (57) in the β-term of equation (80) in order to obtain the GUP wavefunction. However, since for large values of u and v these solutions have an exponentially decreasing behavior, we do not expect a major effect on the behavior of the above wavefunction even if we consider the problem more rigorously. We can also rely on the above approximate GUP solutions for a wider range of u and v.
To clarify this point we investigate the quantum GUP model in a different representation. To do this, we remember that the WD equation (79) is based on the representation (45) of momenta in the u − v space. In this sense we note that the existence of a minimal length means that we cannot have localized physical states. However, as is shown in [7] , when there is no minimal uncertainty in momentum one can work with the momentum space wavefunction Φ( p) with the following representation [7] p
where in our model we have, as before
. Thus, one can now define the proper physical states with maximal localization and use them to define a "quasi-position wavefunction". In [7] it is shown that the transition between the momentum space representation of the wavefunction and its quasi-position counterpart is given by a generalized Fourier transformation as
Now, using representations (86) and (87), we get the following form for the WD equation in momentum space
where in contrast to the minisuperspace coordinate representation of the WD equation, it is a second order differential equation. This equation, up to first order in β and also neglecting p 4 in the last term takes the form 3 It is seen that this expression is too complicated for extracting an analytical closed form for the eigenfunctions in terms of the minisuperspace variables u and v. Moreover, the wavefunction is a superposition of these eigenfunctions as
On the other hand to construct such a superposition we need to know whether the separating constant E has a quantized or a continuum spectrum. Here, we do not intend to deal with such questions since they are out of the scope of our study. However, in figure 5 we have plotted the square of the wavefunction where we have taken a discrete superposition of four terms in (97), all to first order in β. It should be noted that we have relaxed the assumption of small values for u and v in this analysis and figure 5 shows the square of the wavefunction for a wide range of these variables. Although this figure does not completely coincide with figure 4 , as is clear, the wavefunction has its dominant amplitude in regions represented by the small values of u and v, in agreement with our previous analysis of the GUP quantum model based on equation (81).
Conclusions
In this paper we have studied the effects of deformations (noncommutativity and GUP) in phase space on the cosmic evolution of a two dimensional minisuperspace model. Our starting point was the lowest order gravi-dilaton effective action in the string frame where the Einstein-Hilbert action with a positive cosmological constant is augmented with an scalar field, the dilaton. By considering a flat FRW metric for the space time geometry in this action, we obtained the corresponding effective Hamiltonian in the minisuperspace constructed by the scale factor a and dilaton field φ. We saw that this minisuperspace has a curved metric and thus does not have the desired form for introducing noncommutativity and GUP between its coordinates. For this reason, we introduced a new set of variables (u, v) , in terms of which the minisuper metric took a Minkowskian form and the Hamiltonian of the model described a simple isotropic oscillator-ghost-oscillator system in which the cosmological constant plays the role of frequency. Although this is a simple toy model, these variables are suitable candidates for a phenomenological study of noncommutativity and GUP in the corresponding phase space. Another feature of the model in the (u, v) coordinates is that the duality symmetry of the string dilaton action exhibits itself as a special linear combination of u and v. In the case of (Poisson) commutative phase space we saw that both dynamical variables have oscillatory behavior with the same amplitude.
Depending on the initial conditions, these oscillations may occur in the same or opposite directions. As for the quantum version of this commutative model, we obtained exact solutions of the WD equation. The wavefunction of the corresponding universe consists of two branches where each may be interpreted as part of the classical trajectory. We saw that since the peaks of the wavefunction follow the classical trajectory, there seems to be good correlations between the corresponding classical and quantum cosmology. We also studied the noncommutative cosmology where the commutator between the minisuperspace variables is deformed through a noncommutative parameter θ. In the classical noncommutative model this parameter plays the role of a coupling constant between equations of motion for dynamical variables u and v. We solved the equations of motion exactly and showed that the variables u and v oscillate in the same or opposite directions with an exponentially damping or increasing amplitude respectively. In the noncommutative quantum cosmology, we found that the corresponding Hamiltonian is constructed out of two operators which commute with each other and thus have the same eigenfunctions. Although the ensuing WD equation in this case is not separable in the (u, v) coordinates we introduced a new set of variables (ρ, ϕ) in terms of which the WD equation was amenable to exact solutions in terms of confluent hypergeometric functions. Finally, when the phase space variables obey the GUP relations we constructed the classical equations of motion and seen that they form a system of nonlinear differential equations which cannot be solved analytically. We showed that the oscillatory behavior of u and v in the same or opposite directions is again repeated but in this case the oscillations are not harmonic. We also found that the GUP parameter β causes a larger period in comparison to the ordinary model where β = 0. This can be interpreted as the importance of quantum gravitational effects not only at early times but also at late times of the cosmic evolution. The resulting quantum cosmology and the corresponding WD equation in the GUP framework were also studied and approximate analytical expressions for the wavefunctions of the universe were presented in the limit of small u and v variables. These solutions show only one possible state with no classical correlation at early times from which our universe can emerge. We saw that such behavior also occurs in the noncommutative quantum model, showing that from the point of view adopted here, noncommutativity and GUP may be considered as similar concepts.
